Abstract. For a given integer d ≥ 1, we consider -color compositions of ν to the set of compositions of (d + 1)ν − 1 having only parts of size 1 and d + 1, the set of compositions of (d + 1)ν having only parts of size congruent to 1 modulo d + 1, and the set of compositions of (d + 1)ν + d having no parts of size less than d + 1. Our results rely on basic properties of partial Bell polynomials and on a suitable adaptation of known bijections for n-color compositions.
Introduction
A composition of a positive integer ν is an ordered k-tuple (j 1 , . . . , j k ), for k ≥ 1, of positive integers called parts such that j 1 + · · · + j k = ν. We call k the number of parts.
Given a sequence of nonnegative integers w = (w n ) n∈N , we define a w-color composition of ν to be a composition of ν such that part n can take on w n colors. If w n = 0, it means that we do not use the integer n in the composition. Such colored (weighted) compositions have been considered by many authors, starting as early as 1960 (maybe even earlier), and they continue to be of current research interest, see e.g. [1, 5, 6 ].
If we let W n be the number of w-color compositions of n, Moser and Whitney [8] observed that the corresponding generating functions w(t) = ∞ n=1 w n t n and W (t) = ∞ n=1 W n t n satisfy the relation W (t) = w(t) 1 − w(t)
, or equivalently, 1 + W (t) = 1 1 − w(t) .
In other words, the sequence (W n ) n∈N is the invert transform of (w n ) n∈N , see [2] . A refinement of this formula, considering summations over all weighted compositions of n with exactly k parts, was given by Hoggatt and Lind [7] . They showed that the number of weighted compositions of n with exactly k parts is given by
where the sum runs over all k-part partitions of n, that is, over all solutions of
Note that c n,k (w) is precisely the partial (exponential) Bell polynomial B n,k (1!w 1 , 2!w 2 , . . . ) multiplied by a factor k!/n!. Given the fact that the invert transform may be written in terms of partial Bell polynomials (via Faà di Bruno's formula), the aforementioned results can be formulated as follows.
Theorem 1. Let w = (w n ) n∈N be a sequence in N 0 = N ∪ {0}. Then its invert transform
counts the number of w-color compositions of n. Moreover,
gives the number of such compositions made with exactly k parts.
This way of looking at colored compositions was recently discussed in [1] with a slightly different notation since they used the ordinary Bell polynomials instead of the exponential Bell polynomials considered here. In op. cit., the authors used this viewpoint to revisit some known examples of colored and restricted compositions.
In this paper, we study families of integer compositions colored by the simplicial polytopic numbers given by the sequences
In Section 2, we make use of Theorem 1 to obtain explicit formulas for the enumeration of p(d)-color compositions of n, denoted by P n (d), and for the sets of restricted compositions: C 1,m (n) = {compositions of n having only parts of size 1 and m}, C ≡1(m) (n) = {compositions of n having only parts of size congruent to 1 modulo m}, C ≥m (n) = {compositions of n having no parts of size less than m}, where m is an arbitrary integer greater than 1. In particular, we derive the identity
which implies that there is a one-to-one correspondence between the sets involved.
Finally, in Section 3, we provide combinatorial proofs of the identity (1.1) by suitably modifying some of the bijections given by Shapcott [9] .
The results presented in this note provide a natural generalization of what is known for the set of n-color compositions (case d = 1) and its bijections to the set of 1-2 compositions (denoted here by C 1,2 ), the set of odd compositions (C ≡1 (2) ), and the set of 1-free compositions (C ≥2 ).
Enumeration formulas
We start by enumerating compositions colored by the simplicial polytopic numbers.
. Then the number of p(d)-color compositions of n is given by
gives the number of such compositions having exactly k parts.
Proof. By Theorem 1, we just need to verify the identity
which we will prove by induction on k. For k = 1 and all n we have
For k > 1, we use [3, Eq. (3k), Section 3.3] and the inductive step to get
as claimed at the beginning of the proof.
As discussed in the introduction, in addition to the p(d)-color compositions, we are also interested in the sets of restricted compositions C 1,m (n), C ≡1(m) (n), and C ≥m (n).
Proposition 3. Let m > 1 be an integer. Then
Proof. Using Theorem 1 with the sequence (w n ) defined by w 1 = w m = 1 and w j = 0 for 
and therefore
Writing n = q(m − 1) + r and k = j(m − 1) + r with 0 ≤ r < m − 1, we lastly obtain
Proposition 4. Let m > 1 be an integer. Then
Proof. Consider the sequence (w n ) defined by
Writing n = qm + r and k = jm + r with 0 ≤ r < m, we obtain
, n = qm + r and k = jm + r, we get
Proposition 5. Let m > 1 be an integer. Then
Proof. Applying Theorem 1 with the sequence (w n ) defined by w j = 0 for 1 ≤ j < m and w j = 1 for j ≥ m, we get
Now, using [3, Eqs. (3ℓ") & (3h), Section 3.3], we arrive at
This completes the proof since B n,k (0, . . . , m!, (m + 1)!, . . . ) = 0 for (m − 1)k ≥ n.
As a consequence of propositions 2, 3, 4, and 5, we get the following result.
Theorem 6. For every d, ν ∈ N, we have
In other words, the set of p(d)-color compositions of ν is in one-to-one correspondence with the set of compositions of (d + 1)ν − 1 having only parts of size 1 and d + 1, the set of compositions of (d + 1)ν having only parts of size congruent to 1 modulo d + 1, and the set of compositions of (d + 1)ν + d having no parts of size less than d + 1.
Combinatorial bijections
Based on bijections given by Shapcott [9] for n-color compositions, in this section, we will provide bijective maps between the set of p(d)-color compositions of ν and the sets
For this purpose, we fix d ∈ N and consider the sets 
Before we prove this proposition, we need the following lemma.
to the set of binary words of length n having exactly d ones.
Proof. Let m ∈ N be such that m ≤ • Let m 1 = m − 1 and find p 1 such that
and find p j such that
• starting from the right, make the binary word w of length n having a 1 at each position p j + 1 for j = 1, . . . , d, and adding as many zeros to the left as necessary. 
with exactly (k − 1) + dk = (d + 1)k − 1 ones. In other words, β is an element of B k (ν).
For example, for d = 2 each part n takes on d n (2) = n+1 2 colors, so for n = 1, 2, 3 the above map T (α) = β gives the following:
binary word 6 ) 1100
The above map T is reversible. Given a binary string β in B k (ν), we create a composition in A k (ν) by means of the following inductive algorithm:
• Write β as w 1 1β ′ , where w 1 is a binary string with exactly d ones;
1 be the part of size n 1 = length(w 1 ) with color c 1 ; • remove the one after w 1 and repeat the algorithm with β ′ until it has only d ones. Since every such β ∈ B k (ν) has exactly (d + 1)k − 1 ones, the above algorithm will create k parts with n 1 + · · · + n k = ν, leading to a composition α = (n Thus the above reversible construction gives a composition of (d + 1)ν + d having no parts of size less than d + 1.
For example, for d = 2 and ν = 3, we get
